Compositionsfrom Ferrers Diagrams

George Beck, Nov. 18,2021

abstract

Think of the dots of the Ferrers diagram of an integer partition of n as a subset # of the lattice points in
the plane. Let £ be the set of lines of rational slope s passing through a lattice point and the convex
hull of . Count the points of F that lie on each line of L (starting with the line with greatest y inter-
cept) to form a composition of n. We enumerate various statistics for sets of such compositions.

introduction

Sylvester’s line problem (1893)

Given a finite set of points in the plane, not all on a line, there is a line through exactly two points of the
set.

Melchior proved this in 1941 and Gallai proved it in 1944.
https://en.wikipedia.org/wiki/Sylvester% E2 %80 %93 Gallai_theorem

Outfs J=

The conclusion may fail if the set of points is infinite.


https://en.wikipedia.org/wiki/Sylvester%E2%80%93Gallai_theorem
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Outf+ ]=

partition

A partition of n is a weakly decreasing finite sequence of positive integers.
Example:

= A={5,5, 4, 1}}
The numbers are called the parts and the length [(A) is the number of parts of A.

Here are the partitions of 4 and their lengths.
{4} 1
{3, 1} 2
outf- = {2, 2} 2
{2,1,1y 3
(1,1, 1,1} 4
It is typical to put a condition on the parts. Here is a distinct partition of 17: (12, 4, 1); no two parts are
the same.

Here are all the distinct partitions of 7 and their lengths.
mn- 1= DistinctPartitionse7
ouf )= {{7}, {6, 1}, {5, 2}, {4, 3}, {4, 2, 1}}

We often compress the notation.

mn- ;- Row /@DistinctPartitionse?7

our- {7, 61, 52, 43, 421}
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Ferrers diagram of a partition A

In the Ferrers diagram of A, the number of dots in row k is the k-th part.

e 6 6 06 O 5

e 6 6 06 O 5
Outf+J=

e 6 0o 4

o 1

the conjugate partition A' of A

For the conjugate partition, transpose the Ferrers diagram and count the dots in each row.
The conjugate of AisA'=(4, 3, 3, 3, 2).

o 0 00 4
[ I ]
(I ]
oo
{

Outf+J=

o000
N W ww

55 4 1 15

F (A), the Ferrers points

Think of the Ferrers diagram as a set of points #(A) contained in the plane lattice Z2.

° ° 2 . ° ° ° .

L]
Outf+J=

Flipping this in the x axis is possible. My favorite footnote (from MacDonald): “Readers who prefer this
convention should read this book upside down in a mirror.”
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L(s), the lattice lines of slopese Q

Let A be a partition and s € Q U {c0}. Let .L(s) be the set of lines of slope s through the lattice points Z°.

S(s, A), the strip

There is a minimal strip S(s, A) of slope s € Q containing F(A).




L(s, A), the lines in the strip

Outf[+ ]=

Let L(s, A) = L(s) N S(s, A).
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Order the set of lines L(s, A) by decreasing y intercepts as (l1, b, ..., l).

| originally took the order up for negative slope and down for positive. | would not have found the
bizarre-looking conjecture 18 otherwise.

X(0,A)=Aand X(co, A) = A"

For slope 0, the composition is the original partition.

Outf+J=

For infinite slope, the composition is the conjugate.

X(0, 5541) =
5541
O0—O0—0—0—
O0—O0—0—0—
o—0—0—

b 6 & ¢

X (o0, 5541) =
43332
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X(s, A) is usually a composition, not a partition
There are some exceptions.

n= X[-1]1@{2, 2}
ou-1= {1, 2, 1}

X(-1,22) =
121

Outfs J=

parts can be zero

X(-2, 4) = X(2, 4) =
1010101 1010101

R\R\RNR| | #/£/9/F

e

small parts

Outfs J=

If the slopeis a/b and a or b are large relative to the partition, expect small parts.



Outfs ]=

X(-2, 5541) =
111121212111

\\x
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(-=, 5541)
11122112111001

m
e

composition

n-= Lineare{2, 1, 3, 1, 4}

Outf[+ ]=

reversing a composition

= €= {4, 4, 1, 1};

n-1= Llinearec

X(3, 5541) =
1112111111111
4
X(%,5541) =
10011011111110111011

A composition is a sequence of non-negative integers.

Examples: (1, 2, 1)or (2, 0, 2, 1).

If cis a composition, let rev(c) be the composition with the terms of ¢ in reverse order.
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n[]= revec

our-1- {1, 1, 4, 4}
n-1= Llinear@erevec

Om[]:—|—|—o—o—o—|—o—o—o—

join of two compositions

If c and d are compositions, define the join c u d of c and d to be the composition formed from the parts
of ¢ followed by the parts of d.

n-p= €= {4, 4, 1, 1},
d-= {5, 2’ 5};

= Join[c, d]

ou- {4, 4, 1,1,5, 2,5}

complement of two compositions or partitions

The composition complement keeps track of multiplicities and keeps what is left in order.

For example [partitions], (5, 5,4, 4,3,3,2,2,1,1) - (4,3,2,2)=(5,5,4, 3, 1, 1).

p=revesort
maps a composition to a partition

If cis a composition, let p(c) = rev(sort(c)), that is, the partition with the same parts as c including
multiplicity.
pis "sort then reverse".

= ¢ = RandomInteger[10, {5}]

our-1- {2, 4, 1, 6, 6}

In[-]= p@C
ouf-1- {6, 6, 4, 2, 1}

not necessarily smooth

A sequence is smooth if it changes by at most 1 from term to term.

Here are larger parts and a jump in the composition.
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X(1, 954321) =
123456111

Outfs J=

symmetry X(s, A) = X(1/s, A")

The lines L are symmetric about the line y = -x, as are the Ferrers diagrams of a partition A and its
conjugate.

Heres=0and 1/0 = again.

X (oo, 43332) =
5541
X(0, 5541) =
5541 CB CB CB
OO 1 o o o
“lo—0—0—0—0—
O O O
—0—0—0—0——
e O 0

This shows X(3/4, A) = X(4/3, A").
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X(3,43332) =
100110111111211011

X(3,5541) =
100110111111211011

Outf+J=

a numerical example: X(1/4, Pg)

Here s =1/4. The small dots stand for zeros for readability.
Out[+ J//TableForm=

partition A of 8 X(1/4, A)

8 11111111

71 1111211

62 111122

611 111121--1

53 1111211

521 111121--1

5111 11112--.1-.-1

44 11111111

431 1111111-1

422 111111--11

4211 111111--1---1

41111 11111---1---1---1

332 111-111-11

3311 111-111-1---1

3221 111-11--11--1

32111 111-11--1---1---1
311111 111-1---1---1---1..-1
2222 11--11--11--11

22211 11--11--11--1---1
221111 11.-11--1---1---1.-.-1
2111111 11.-1---1---1---1---1-..1
11111111 i...1...1.-.1---1.-.-1--.1---1
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notation

Let P, be the set of partitions of n and p(n) = | P, | be the partition function.

Let #.; , be the set of partitions not containing 1 as a part.

Let D, = D, , be the distinct partitions of n (no part is repeated) and q(n) = | D, | .
Let D, , be the set of partitions of n with gaps at least g, whereg=1, 2, ....

Let D, , be the set of distinct partitions not containing 1 as a part. Let g.;(n) = |Z)>1,n | .

o

A is the difference operator. If x = (x,-)j.';l is a sequence, then Ax = (xj,1 - x,-)j=1.

In general, if f is a function and M is a multiset, f(M) = {f(x) | x e M}.

interlude

Counting the lines with exactly two points, exactly three points, and so on led to nothing particularly
interesting.

Outfs J=

The line vector for A=(5, 5, 4, 1) is (0, 40, 9, 3, 2).

There are 0 lines with exactly one point, 40 lines with exactly two points, 9 lines with exactly three
points, 3 lines with exactly four points, and 2 lines with exactly five points.

Ask me if you’d like me to clean up this material and send it to you.

theorems and conjectures
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1’s at the ends of X(s, A)

If s % 0 or o, then X(s, A) starts with a 1.

If s> 0, the first line of L(s, A) contains exactly one dot: the first dot of the first part of A.
If s <0, the first line of L(s, A) contains exactly one dot: the last dot of the first part of the partition A.

If s <0, then X(s, A) ends with a 1.

The last line of L(s, A) contains exactly one dot: the first dot of the last part of A.

X(=1, A) is smooth

The idea is that this kind of thing cannot happen in a Ferrers diagram:

Outf+J=

proof fors=-1

Suppose [; and [;,; are successive lines of £(-1, A). If ¢;,; — ¢; 2 2, there would be a dot to the right and
below the last dot of ¢;, which is the last dot of a part A; of A. Then A,; > A}, a contradiction. Similarly if

Ci—Ciy12 2.

Question 1: With s < 0 and zeros deleted, X(s, A) is smooth.

X(-1, A) is weakly unimodal

proof fors=-1

Suppose ¢;, ¢j, ¢ are parts of a composition with ¢; > ¢; < ¢x, where i < j< k. If lines i and j are on or
below the main diagonal, the last dot of ¢; is to the right and below the last dot of ¢;, which contradicts
A being weakly decreasing. Similarly, taking the conjugate partition, the lines i and j cannot be on or
above the main diagonal, so they must straddle the main diagonal. Similarly, the lines j and k must
straddle the main diagonal. But then j is both below and above the main diagonal, a contradiction. o

Question 2: With zeros deleted, X(s, A) is weakly unimodal.

Here are the compositions for slope -1/2 of the partitions of 8 with and without zeros.



Out[+ J//TableForm=

partitions X(-1/2,A) X(-1/2,A)
Aof 8 with zeros without zeros
8 11111111 11111111
71 111111101 11111111
62 11111111 11111111
611 1111110101 11111111
53 1111211 1111211
521 111111101 11111111
5111 11111010101 11111111
44 112211 112211
431 11121101 1112111
422 11111111 11111111
4211 1111110101 11111111
41111 111101010101 11111111
332 1121111 1121111
3311 112110101 1121111
3221 111111101 11111111
32111 11111010101 11111111
311111 1110101010101 11111111
2222 11111111 11111111
22211 1111110101 11111111
221111 111101010101 11111111
2111111 1101010601010101 11111111
11111111 101010101010101 11111111

Same for slope s =3/2.

Compositions from Ferrers Diagrams for pdf.nb | 13
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Out[+ J//TableForm=

partitions X(3/2,A) X(3/2,A)
Aof 8 with zeros without zeros
8 1001001001001001001001 11111111
71 101100100100601001001 11111111
62 101101160060100601001 11111111
611 1011160106001001001 11111111
53 1011011011001 11111111
521 1011111001001 11111111
5111 1011102001001 1111211
44 101101101101 11111111
431 1011111011 11111111
422 1011111101 11111111
4211 10111120601 1111121
41111 10111062011 1111211
332 101111111 11111111
3311 101111201 1111121
3221 10111121 1111121
32111 101111201 1111121
311111 10111020101 1111211
2222 1011111101 11111111
22211 101111111 11111111
221111 10111110101 11111111
2111111 1011160106010101 11111111
11111111 101010101010101 11111111
slopes=-1

Theorem 1. For A a partition of n, X(-1, A) is a smooth weakly unimodal
composition of n into positive parts such that the first and last parts are 1.

proof

Put together the previous three proofs for the case s=-1.o



= graphics[-1]@x

X(-1,5541) =
12233211

Outfs ]=

N

Sa

Here are the compositions for slope -1 of the partitions of 8.

Out[~ J//TableForm=

partition X(-1, A)
Aof8

8 11111111
71 11111111
62 1111121
611 11111111
53 111221
521 1111211
5111 11111111
44 12221
431 112211
422 111221
4211 1112111
41111 11111111
332 12221
3311 122111
3221 112211
32111 1121111
311111 11111111
2222 12221
22211 122111
221111 1211111
2111111 11111111

11111111 11111111

codomain of X(-1, )
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* Theorem 2: The size of the codomain of the function X(-1, -) acting on #, is

A001522 (n).


https://oeis.org/A001522
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A001522, Number of n-stacks with strictly receding walls, or the number of Type A partitions of nin the
sense of Auluck (1951).

Also number of partitions of n with positive crank (n>=2), cf. A064391. - Vladeta Jovovic, Sep 30 2001
Joerg Arndt told me that the idea for the sequence A001522 came from this geometry.
Proof

If X_1(A) = X_1(u), each hook of A can be slid by the same amount past the main diagonal to get p. For
example, X(-1, 5541) = X(-1, 44331).

X(-1,44331) =
12233211

X(-1, 5541) =

12233211 \\kik\

Outfs ]=

N

\
\\\\\\O\ N
\O\\\\

Let ¢ be a composition of n into positive parts that is smooth, weakly unimodal, and with m = 1 parts
that achieve the maximum of c. Then there are m partitions A’ (j=1, 2, ..., m) such that X(/\’) =C.

To construct a Ferrer's diagram from ¢, choose one of the diagonals that achieves the maximum for ¢ to
be on the main diagonal. Then all the other diagonals are determined.

So the pre-images of each smooth weakly unimodal composition ¢ of n equals the number of maximal
values of c. In other words, such a composition has a pre-image. So the size of codomain equals the
number of smooth weakly unimodal compositions of n, which is A001522 (n). o

size of codomain and rearrangement 1

Theorem 3: The size of the codomain of the function X(1, -) acting on P, is q(n).

Or, after removing duplicates, the number of compositions in the multiset X(1, P,) is g(n).

example:


https://oeis.org/A001522
https://oeis.org/A001522
https://oeis.org/A001522

Infe]:=

Outfs J=

Infe J:=

Outf+ ]=

Infe]:=

Outfs J=

Infe]:=

Outfs J=

Infe]:=

Outfs J=
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Here are the partitions of 6 and their images under X(1, ).

IntegerPartitionse6
{{6}, {5, 1}, {4, 2}, {4, 1, 1}, {3, 3}, {3, 2, 1}, {3, 1,1, 1},
{2,2,2},{2,2,1, 1}, {2,1,1,1,1}, {1,1,1,1,1, 1}}

RowexX[1] /@9%
(111111, 12111, 1221, 1221, 1221, 123, 1221, 1221, 1221, 12111, 111111}

Remove duplicates and count:

Unione@%

{123, 1221, 12111, 111111}

Lengthe%
4

PartitionsQeé6
4

Proof

Suppose A, ye D, and A . Let k be the first index for which A, * uy; suppose A, > . Since s strictly
decreasing, Ay > iy, ;- jfor j=1, 2, ... so there is no dot in the Ferrers diagram of y on the same antidiag:
onal as the last dot of A,. Therefore X(1, A) # X(1, ) and there are at least g(n) different sets in the
codomain of X(1, -).

Now suppose v e P,\D,, that is, v has some identical parts. Slide the dots along antidiagonals as far as

possible NE. This gives an element ne D, with X(1, v) = X(1, n). Therefore every element of #, isin one
of g(n) sets with constant X(1, -) value. o

Conjecture 1: For A e P,, X(1, A) is a rearrangement of A' iff Ae D,,.

Outf+J=

X(co, 532) = X(1,532) =
33211 12331

s

example:n=38

X(1, A)is a rearrangement of A"
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Out[+ J//TableForm=

AeDs  X(1,A) X
8 11111111 11111111
71 1211111 2111111
62 122111 221111
53 12221 22211
521 12311 32111
431 1232 3221
X (o0, 6655431) = X(1, 6655431) =
766542 12345663

Outf+J= [

X(1, A)is not a rearrangement of A"
Outf[~ J//TableForm=

AePs\Dg X(1, A) A

44 12221 2222
332 1232 332
422 1232 3311
611 122111 311111
2222 12221 44
3221 1232 431
3311 1232 422
4211 1232 4211
5111 12221 41111
22211 12221 53
32111 12311 521
41111 12221 5111
221111 122111 62
311111 122111 611
2111111 1211111 71

11111111 11111111 8

Conjecture 2: The size of the codomain of the function X(1/k, -) acting on P, is
the number of partitions of n in which no parts are multiples of k+ 1, where
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k=2,3,...

This generalizes Theorem 3.

Conjecture 3: The size of the codomain of the function X(1/2, -) actingon D, is
| D2 |-

where X(s, *) is one-to-one

Theorem 4: The maximal subset of £, on which X(-1, -) is one-to-one is the set
of stack polyominoes with square core. (A188674.)
A188674 Stack polyominoes with square core. 11
1,1,0,0,1,2,3,4,5,7,9,13, 17, 24,31, 42,54, 71,90, 117, 147, 188, 236, 298, 371, 466, 576, 716,

882, 1088, 1331, 1633, 1987, 2422, 2935, 3557,4290, 5177, 6216, 7465, 8932, 10682, 12731, 15169, 18016,
21387,25321, 29955, 35353, 41696, 49063, 57689, 67698, 79375, 92896, 108633, 126817, 147922, 172272

Idea of proof
Sliding all the hooks of A simultaneously gives a partition p such that X(-1, A) = X(-1, p).
= A= {5, 5, 4, 1}}
- = {4, 4, 3, 3, 1}
m= X[-1]@a
our= {1,2,2,3,3,2,1, 1}
- X[-1]eu
our= {1,2,2,3,3,2,1, 1}
We cannot slide the third hook of y because it is a column of two dots.

n-= Row[ {Ferrers@ex, Spacer[20], Ferrers@x2}]

[ I BN BN J
o o6 0600

[ I BN BN}
[ I B B BN J

Outfs = o 0o

[ I BN BN J

o 00
[}

[}

Sotheset X ;7(1,1,2,3,3,2,2, 1)) has two members.

- Count[X[-1] /@IntegerPartitionsel5, {1, 1,2, 3,3, 2, 2, 1}]

Out[+ ]= 2

On the other hand, the partition (15) can slide around to (1, 1, 1, ..., 1) for a total of 15 partitions for


https://oeis.org/A188674
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which X_;(A)=(1,1,1, ..., 1).o

n-= Grid@Partition[graphics[-1] /e {{15}, {14, 1}, {13, 1, 1}, {12, 1, 1, 1}}, 2]

X(C1.15) = X(-1, 141) =
1111111111111 TN
BOLOOOOOORRORR | (R
w1 X1 1311 = X(=1, 12111) =
1111111111111 s
R
RN ARRRRRNRREN
SSSNSNNNSERIANNNNNNNNNAN

Corollary: The maximal subset S of #, on which X(1, -) is one-to-one is empty
unless n is a triangular number, say % m(m + 1), in which case Sis the singleton

{(mym-1,...,3,2,1)}.
Proof

No hook can slide iff the partitionis(n,n-1, ..., 3,2, 1).o
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Conjecture 4: For s =-2, -3, -4, the function X (s, -) is one-to-one on Dy, ,,
g=12,3,...

Conjecture 5: The function X(1/k, -) is one-to-one on D, for g 2 k.

number of zeros for a hook partition

n-1= graphics[-7/3]e{3, 1, 1, 1}

X(-1,3111) =
0000001000000100100100'

For a hook partition A as shown, we can count the number of times £(s) misses the dots. If s = a/b with
aand b coprime, (a-1) (A; = 1)+ (b-1) ([(A) - 1).

number of parts for X(-1, #,)

Similarly, the number of parts in the multiset X(-1, $,) is Yyep, [(A) + A; - 1.
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= graphics[-1]@x

X(-1,5541) =
12233211

Sa

Outfs ]=

N

number of 1’s

Conjecture 6: Let a(n) be the number of 1’s in the multiset X(1, D,). Then
Aa(n) = q(n).

mn- 1= DistinctPartitionse5

Outf+ J= {{5}) {47 1}, {31 2}}

n-= X[1] /@DistinctPartitionse4
ouf-)= {{1, 1, 1, 1}, {1, 2, 1}}

n-= X[1] /@DistinctPartitionse5
our= {{1, 1,1, 1,1}, {1, 2,1, 1}, {1, 2, 2}}
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Conjecture 7: Let a(n) be the number of 1's in the multiset X(1, D.; »). Then
Aa(n+1)=qg.1(n+3).

Conjecture 8: Let a(n) be the number of 1’s in the multiset X(-1, #,). Then
1/2 A% a(n) = A002865 (n + 3).

X(-1, 852) =
1111222221

N

A002865 Number of partitions of n that do not contain 1 as a part.

Shane Chern may have a proof.

number of 2’s
Conjecture 9: Let a(n) be the number of 2’s in the multiset X(1, D,) and let
b(n) = A2 a(n). Then b(2 n-1)+b(2 n) = A238479 (n).

Conjecture 10: Let a(n) and b(n) be the number of 2’s in the multisets X(-1, P, )
and X(-1, P.1 n), respectively. Then b(2n) = a(2n)-a(2n-1).

« Conjecture 11: Let a(n) be the number of 2’s in the multiset X(-1, P,),
b(n) = A3 a(n), and c(n) = A? p(n). Then 1/2 (b(2n-1)+b(2 n)) = c(2 n+1).

Conjecture 12: Let vi(n) be the number of k’s in X(-1,P,), k=1,2, 3, .... For even
k, vi(2n-1)is even, and for odd k, v,(2 n) is even.

rearrangement 2

« Conjecture 13: Forg =2 and n > 1, X(1, A) is a rearrangement of X(1/2, A) iff
AeDyp.

example: 6 € D 74.


https://oeis.org/A002865
https://oeis.org/A238479
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mn-1= 6 = {20, 18, 13, 16, 7, 5, 1};

n-- Totale@é
ouf-]- 14

n-1- -Differences@é

our-1- {2, 5,3, 3, 2, 4}

n-= Row[{graphics[1l]@é, graphics[1/2]@6}]

X(1,20181310751) = X(%,20181310751)=
12345676665443322221 11223344556676643222

o

n-1= X[1]@é
ou - {1,2,3,4,5,6,7,6,6,6,5,4,4,3,3,2,2,2,2,1}

= X[1/2]@6

ou- {1,1,2,2,3,3,4,4,5,5,6,6,7,6,6,4,3,2,2,2}

- Sort@X[l]@é = SorteX[l/2]es

ouf-]= True

The rearrangement does not look obvious.
= ListLinePlote {X[1l]e6, X[1/2]@b}
7k
of

5F

Outfs J=
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intersections, complements, and rearrangement 3

Let A, = X(1, Pn) N X (=1, Pp).

n-= X[1] /@ IntegerPartitionse5
ouf-= {{1, 1,1, 1,1}, {1,2,1,1}, {1, 2, 2},
{1, 2, 2}, {1, 2, 2}, {1, 2,1, 1}, {1, 1,1, 1, 1}}

mn-= X[-1] /@ IntegerPartitionse5
ourj- {{1, 1, 1,1,1}, {1,1,1,1, 1}, {1,1,2,1},
{,1,1,1, 1}, {1, 2,1, 1}, {1,1,1, 1, 1}, {1,1, 1,1, 1}}

Infe]:= A@5
ourj= {{1, 2, 1,1}, {1, 1,1, 1, 1}}
» Conjecture 14: | A, | = |Dan| -

Here is a candidate bijection y between the two sets. Let Ae D, , have [ parts and let
a(A)=(1,2,3,..., ). Let y(A) = a(A) u (A" - a(A)), where "-" is the multiset complement and "u" is

multiset join (or concatenation of sequences).

In the other direction, p is a candidate bijection from A, to D, ,".
example: Let A=(11, 7, 5); then y(A)=(1,2,3,3,3,3,3,2,1,1, 1) e A,.
Conjecture 15: | p(An)\ Ds1,n' | = A006141 (n).
A006141 Number of integer partitions of n whose smallest part is equal to the number of parts.
| tried to find a bijection but failed.

Conjecture 16: D.; ' € p(Ap).

Let B, = X(1, Pn) \ X(-1, Pp),
and &, be the set of distinct partitions of n that include a pair of consecutive
integers.

Conjecture 17: | B, | = | E,] and each element of B, is a rearrangement of an
elementof &,".

A238708, Number of strict partitions of n that include a pair of consecutive integers.

« Conjecture 18: Let a(n) = | rev(X(-2,P,))NX(1/2,P,))|. Then


https://oeis.org/A006141
https://oeis.org/A006141
https://oeis.org/A238708
https://oeis.org/A078408
https://oeis.org/A035294
https://oeis.org/A003114
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a(2n-1)=A078408 (n) and a(2 n) = A035294 (n) + A003114 (n).

A078408, Number of ways to partition 2n+1 into distinct positive integers.
A035294, Number of ways to partition 2n into distinct positive integers.
A003114, Number of partitions of n into parts 5k+1 or 5k+4. (The size of D, ,,.)

todo

Proofs!
Find the inverse of X(s, A). Look at the algorithm for finding A' for inspiration.

For a partition A, a composition contains numbers other than 0 and 1 iff the slope s equals the slope
determined by a pair of points of F (A). So that finite set of slopes is interesting. The set of slopes
containing only 0’s and 1’s is infinite and might also be interesting.

The rays through the origin of slope s € (-e, o) intersect the unit circle in an open unit semi-circle Uin
the right half-plane, which can be mapped by straight lines from the origin to the line x = 1. Take a set
of fractions S distributed uniformly on U and consider X(s, A), s € S. There are critical slopes s_ and s, for
which the compositions consist of only 0’s and 1’s outside of (s_, s,).

Lay out the parts of a composition (strict or not) as rows of dots like F(A) and consider their composi-
tions. Also stacks.

Why is A001522 the number of partitions of n of positive crank (n > 1)?

The geometry of plane partitions looks challenging but doable. However, it might be better to count
points on lattice planes, which gives an ordinary composition, rather than on lines, which gives a
spread-out polygonal array of numbers.

Compositions for various sets of partitions.

reference
Some variants of Ferrers diagrams

James Propp

Journal of Combinatorial Theory Series A Volume 52 Issue 1 Sep. 1989 pp 98-128 https://-
doi.org/10.1016/0097-3165(89)90066-6


https://oeis.org/A078408
https://oeis.org/A035294
https://oeis.org/A003114
https://oeis.org/A078408
https://oeis.org/A035294
https://oeis.org/A003114
https://doi.org/10.1016/0097-3165(89)90066-6
https://doi.org/10.1016/0097-3165(89)90066-6

